Abstract. We propose a geometrical approach to the investigation of Hamiltonian systems on (Pseudo) Riemannian manifolds. A new geometrical criterion of instability and chaos is proposed. This approach is more generic than well known reduction to the geodesic flow. It is applicable to various astrophysical and cosmological problems.
Introduction
Our main aim is to study global behaviour of dynamical systems on (Pseudo) Riemannian manifolds using their local, geometric properties. The guiding principle comes from the well known example of dynamical system: geodesic flow.
If geodesic flow on Riemannian manifold is given, then to work out principal features of the flow, so-called sectional curvature should be investigated. And if it turns out that sectional curvature is negative definite, then one deduces that geodesic flow is Anosov with hyperbolic geodesics.
As is well known, any Hamiltonian system (with the Hamiltonian of the form kinetic plus potential) is reducible to a geodesic flow. Therefore, above mentioned procedure may be used for the new system to get some characteristic features of the original system. In our opinion it is not a proper way to study dynamical systems. First of all, it does not work for all Hamiltonian systems (there must not be turning points i.e. kinetic energy must be positive), then in order to reduce to a geodesic flow one has to change the metric, Levi-Civita connection, and time parameter. And since sectional curvature essentially depends on the above mentioned values, one must make inverse transforms, in order to obtain characteristic parameters for the original system, which is not a trivial problem for typical systems.
Here, in particular, we are looking for a local, geometrical object (it should be the sectional curvature in the case of the geodesic flow) for Hamiltonian systems which should characterise instability, hyperbolicity of dynamical systems.
We adopt the following approach to the problem, which may be considered as an alternative to the approach mentioned above. Instead of changing metric, Levi-Civita connection (covariant derivative), and time, we change only the derivative. We define a new covariant derivative D u for any flow, which is determined uniquely and for simple cases, coincides with the well known derivatives (∇ u -covariant derivative, F u -Fermi derivative). By means of the derivative we introduce a coordinate independent equation for the flow invariant separation vector (perpendicular to the velocity). For the geodesic flow it is nothing but the Jacobi equation. As a by-product we represent any invariant vector field as a sum of vectors, which are perpendicular and parallel to the velocity respectively. † Published in "Proceedings of the Fourth Monash General Relativity Workshop" Eds A.Lun, L.Brewin, E.Chow (Department of Mathematics, Monash University, 1993), p.38
Then we introduce a geometrical object Ω u negativity of which means hyperbolicity of the corresponding flow. This method does work even for systems with turning points and moreover, which is crucial for the Einstein dynamics, the geometrical approach applies for Pseudo-Riemannian manifolds as well.
Geometry of Dynamical Systems

Dynamical Systems
Let S be a smooth vector field on the tangent bundle τ : T M → M of a Riemannian manifold endowed with a Riemannian metric g, its associated LeviCivita connection K with covariant metric ∇ (cf. [1] )
where V : M → R 1 and ∂V is the gradient vector of V, i.e. vector field such that dV, X = g(∂V, X) ,
Hor(u) and V er(u) are horizontal and vertical subspaces of T u T M respectively. We denote by u(t) = f t u 0 an integral curve of the vector field S passing through the initial point u 0 ∈ T M i.e.u = S(u) ,
is called a dynamical system or flow of the vector field S on T M . The curve u(t) = f t u 0 is called the flow line or integral curve starting at u 0 , c = τ • u is a trajectory.
Lemma 2.1 If u(t) = f t u 0 is an integral curve of the vector field S starting at u 0 , then c(t) = τ • u(t) is a solution of the following equation:
determined by c(0
We are interested in the behaviour of the nearby integral curves of the integral curve u(t) = f t u 0 . To deal with that problem, next we introduce an equation for the invariant vector field along the curve c(t). 
Lemma 2.3 Invariant vector fields
where
The correspondence is given by
Note that one might consider Eq. (2) as an equation obtained from Eq. (1) merely by covariant differentiation with respect to z.
Thus we arrive at the following system of variational equations ċ = u ,
It is worth mentioning that the vector z describes the motion of points (but not integral curves) of the nearby integral curves of u(t). However, in most cases it is important to know the behaviour of nearby integral curves (which means z is orthogonal to velocity u) with the same integrals. If V = 0 then the flow corresponding to S is called a geodesic flow and Eq. (3) reads as ċ = u ,
We say that the Jacobi field z (solution of the Jacobi equation) is orthogonal to u if the following conditions hold g(u, z) = 0 and z(E) = g(u, ∇ u z) = 0 along integral curve. One can represent any Jacobi field as follows:
where n is orthogonal to u, i.e. g(u, n) = g(u, ∇ u n) = 0 . One may prove (see [2] ) that in the case of the geodesic flow n is orthogonal to u for all t if it is so at t = 0. So if z(0) = n(0) and n(E) = 0 then z(t) = n(t) for arbitrary t. It is not true for a general flow.
It is an important property of the geodesic flow, because it means that the equation for n is the same as for z and one should only carefully choose the initial conditions.
As is well known (see [3] ) by changing the time parameter t, metric g, and linear connection K (covariant derivative ∇) one can reduce a Hamiltonian system to a geodesic one.
G3. Linear Levi-Civita connectionK with a covariant derivativê
where γ ′ = dγ ds ,Riem is the Riemannian tensor of the linear connectionK,
So any Hamiltonian system can be reduced to a geodesic one. But this procedure has several demerits: 1) time parameter t changes to affine parameter s, to recover t one has to find function ϕ;
2) metric g changes toĝ it changes Levi-Civita linear connection and the measure of length of vectors.
But as is well known local stability/instability does depend on metric and time. And in order to reduce a Hamiltonian system to a geodesic one we have changed the both concepts. Therefore, to make a conclusion about stability/instability of original system one has to make the inverse transform. Which turns out to be a complicated one. To overcome the problem we suggest an alternative method. For this purpose we will introduce a new covariant derivative for dynamical systems and derive desired equation by help of the derivative. Now we will see how to overcome these difficulties.
Covariant Derivative of Dynamical System
Let us introduce a new covariant derivative along curve c. Given a smooth curve c : R → M , c ∈ C ∞ (R, M ), with the velocity vector u =ċ = T c. d dt . We denote the set of all smooth vector fields (functions) along curve c by X c (F c ) respectively. First we define the set of curves C along which one may define the covariant derivative. Definition 2.1 We say that c ∈ C if there exists unique smooth (1, 1) type tensor field Q c along c such that
Clearly, if g(u, u) = 0 along a curve c then c ∈ C . Another important subset of C is established by the following Lemma.
Lemma 2.4 If c is a non-constant solution of the Eq. (1) then c ∈ C and
Definition 2.2 Given c ∈ C and X ∈ X c . We will say that X ∈ X D c i.e. X is a D-differentiable along c if there exists unique smooth vector field D u X ∈ X c such that if g(u, u) = 0 then
Obviously, if g(u, u) = 0 along c then X [2] ). Some easy-to-check properties of D u :
The derivative along c can be naturally extended from vector fields to arbitrary tensor fields as follows:
D1. D u is a linear mapping of tensor fields of any type along c to tensor fields of the same type, which commutes with contractions; 
where n = P c z satisfies the following equation
Let us mention that if V = 0, and E = 1 2 along the integral curves (geodesics with g(u, u) = 1) then decomposition of z Eq. (6) coincides with the Jacobi field decomposition Eq. (4). If we consider all integral curves of fixed energy then the following claim holds.
Corollary 2.2 If g(u, u) = 0 (there is no turning point) and n(E) = 0 then
One can derive an equation for the length of n from Eq. (7). Let n = ℓξ, where n = ℓ and therefore g(ξ, ξ) = 1 and g(ξ, u) = 0. Then
And
where λ =l/ℓ. It is worth noting that Ω u (ξ) and ω u (ξ, ξ) are smooth functions with respect to their all arguments (x, u, ξ) along integral curves, even at turning points. And if u(0) = 0 then
where k is the second fundamental form of the V = E submanifold in M and dV, ξ = 0.
there is no singular point), and
where u ∈ SM E , g(ξ, ξ) = 1, and g(u, ξ) = 0 then the dynamical system (1) is Anosov.
Condition (9) may be fulfilled unless dynamical system has an integral on SM E . One may average ω u (ξ, ξ) by replacing ξ ⊗ ξ with
and
One may speculate that a solution of the Eq. (8) in average is greater than a solution of the following "evolution equation" (cf. [3] , [4] )
where B(t) = B(u(t)). Notice that Eq. (10) is an exact if d = 2.
Pseudo-Riemannian Manifolds
The impossibility of direct application of the results developed for Riemannian manifolds is evidently connected with the Pseudo-Riemannian signature of the metric, e.g. it is easy to see that two close geodesics can diverge in PseudoRiemannian manifold, while the length of the separation vector may remain close to zero or even negative. Therefore not only new criteria are needed here but one should also redefine the stability properties themselves. Consider a dynamical system on Pseudo-Riemannian manifold M (see [5] ). Let c be a trajectory passing through a point c(0) = m ∈ M and {E 0 a } a = 1, . . . , d basis for T m M . One can propagate {E 0 a } along c so that
and get a basis {E a } along the curve c for any T c(t) M . We will call it D-basis. Any vector X ∈ T c(t) M can be presented by means of the D-basis {E a }
The expression
defines E-metric on T M . Length of the vector X with respect to the basis {E a } is defined to be
Let {E a ′ } be another D-basis along the same curve c. Then a non-singular matrix Φ exists, such that
So far as both {E a } and {E a ′ } being D-bases are D-parallel transported along c, this relation must hold for constant Φ. Therefore
Since Φ is non-singular then
it is a contradiction with non-singularity of Φ. Therefore we have a positive defined matrix
Space of all X with X 2 E = 1 is a compact space, therefore there are positive constants α and β (depending only on basis) such that
For the vector field n: n = n a E a , D u n =ṅ a E a , and
Now we can define stability, hyperbolicity, etc. of integral curves. One can readily verify that the definition does not depend on the choice of D-basis {E a }. Lyapunov characteristic exponents χ for an integral curve u is defined as follows χ(u, n) = lim sup
Definition 2.4 Integral curve u is called to be linear stable if
Evidently χ does not depend on choice of {E a } either. One can give a definition of hyperbolicity as well (see [5] ). Let n = ℓξ, where n E = ℓ and therefore ξ E = 1, then (cf. Eq. (8))
3 Einstein Dynamics on Superspace 3.1 World, Universe, Superspace
The set of d-dimensional Universes will be described as follows (see [6] ). We assume, that the Universe is closed (compact and without boundary). By M d+1 we denote the set of all d + 1-dimensional, smooth (from the class C r , r > 2), oriented, compact manifolds (d > 1),
oriented, compact manifolds } .
World (i.e. spacetime with material fields) will mean the following triad:
where M d+1 ∈ M d+1 , and g(M ) is a smooth Riemannian metric on M d+1 , Φ(M ) is a smooth scalar field. Denote the set of worlds by W d+1 ,
where ∂N is the boundary of the manifold N . For every c ∈ S
For given w ∈ W d+1 , f ∈ F c (M w ), and c ∈ S 1 we have the following triad:
where g is the metric induced on f c [M w ] by g w , φ = Φ w | fc [Mw] . Universes (i.e. space with material fields) are members of the set U d ,
u(w, f, c) ,
According to Morse's theory
where Σ d is the set of all d-dimensional smooth, oriented, closed manifolds with a smooth Riemannian metric and a smooth scalar field on them. We will consider the empty set ∅ as a trivial manifold.
At Morse's reconstructions Ω d are critical sets with a given metric and scalar fields.
In order to construct the set U d as a topological space one needs to introduce a topology, a system of open sets. We will do it as follows: first we define the set of "smooth" curves on
and ∃f ∈ F c (M w ) such that
where ∇ is a covariant derivative on the M -Superspace, corresponds to Einstein's equations together with the following constraints equations,
These equations constrain only initial conditions, but not dynamics. Now to investigate stability/instability of the solutions of the Einstein's equations the following objects should be used [7] In further investigation [7] we will employ suggested method to the problem of stability of cosmological solutions.
Conclusions
Thus, we have proposed a geometrical approach to the investigation of Hamiltonian systems on (Pseudo) Riemannian manifolds. We have derived the equation for the normal to the velocity of the flow invariant vector Eq. (7) in terms of the new covariant derivative. We have introduced tensor Ω u which characterises stability, instability, hyperbolicity of the integral curves of Hamiltonian systems. This approach is valid for any Hamiltonian system, while well known reduction to the geodesic flow requires some more conditions. Besides, there is no need to change metric and time parameter. This allows obtaining characteristic parameters by means of physical values. As an important application we will consider in details the behaviour of the N-body gravitating systems and cosmological solutions of the Einstein's equations elsewhere [7] .
